ABSTRACT Chatter, the vibration between the workpiece and cutting tool, is a common phenomenon during the milling process. Traditionally, the Fourier transform analysis is mainly used to extract the features and determine whether chatter occurs. In this paper, an innovative and practical chatter identification method combining fractional order chaotic system and extension theory is proposed. A lathe spindle with embedded sensors is used in this study. The boundary of chattering state of the lathe spindle is decided by the center of gravity of phase plane of dynamic errors. The boundaries are then fed into extension model and relational function calculation is performed. In this way, chatter identification can be easily achieved based on the position of the chaotic center of gravity. The three chaotic systems, i.e. Lorenz, Chen-Lee, and Sprott, of different fractional orders are used and their results are compared. Compared with the traditional methods, the Fourier transform is time-consuming in terms of mathematical operations and adverse to the establishment of a real-time system. This paper uses the characteristics of the chaotic systems sensitive to input signals in order to more capably detect the boundary state from normal cutting to chattering cutting and more efficiently identify the chatter. The experiment results indicate that the Chen-Lee system (93.5%) exhibits have better chatter diagnosis rate than Lorenz (92.75%) and Sprott (69%) systems. The Chen-Lee system even reaches a diagnosis rate of 100% for orders 0.5 ∼ 0.7. Therefore, the method presented in this paper has a very high diagnosis rate and is thus very effective for chatter identification of machine tools.
I. INTRODUCTION
The demand for higher machining precision is increasing as the manufacturing processes progress. The vibrations that occur frequently between cutting tool and workpiece due to improper operations not only lead to loss of machining precision but also shorten cutting tool life. The chatter during the milling process is therefore a major issue that affects the development of machining and other industries [1] . This phenomenon must be thoroughly investigated and studied in order to help solve the problems caused by chatter, minimize its influence on machining precision, increase machining efficiency, reduce noisy data and extend the tool life of lathe machines. In most of the related literature on chatter, chatter
The associate editor coordinating the review of this manuscript and approving it for publication was Yue Zhang. identification is achieved by using the fast Fourier analysis on sound signals [2] , [3] and vibration signals [4] - [6] . However, various forms of sounds during the milling process will create. Since there are always errors involved in the measurement, using this method alone to decide if chatter occurs is unreliable in practice. Wavelet packet analysis has made a great contribution to the analysis of chattering of transient and non-stationary signals [4] . Wavelet analysis not only enjoys the advantages of Fourier transform but also makes up for the shortcomings of Fourier analysis. It has the strengths of both time-domain and frequency-domain analyses. Although we can effectively extract transient information from the signals using scaling and panning operations, it is still impossible to obtain the signs of chattering and a considerable amount of data is required. Qian et al. [8] propose a chatter detection method based on wavelet packet node energy (WPNE), least squares support vector machine based recursive feature elimination (LSSVM-RFE) and least squares support vector machine (LSSVM). Characteristics are first identified with WPNE and then selected with LSSVM-RFE. Lastly, LSSVM is used to identify the chatter. This method is precise but very time-consuming in characteristic identification. It is therefore not appropriate for real-time processing. Sun and Xiong [9] propose a weighted wavelet packet entropy (WWPE) method. It is capable of obtaining an optimal weight interval between stable state and chattering state. This method requires short computing time and can be verified in reality. However, a large training database is necessary in order to enhance the accuracy. Ding et al. [10] present an improved wavelet packet entropy (IWPE) method based on regression to be used for disc cutting with a variety of cutting parameters. The feasibility and effectiveness of this method are demonstrated by the experiment results. However, a time-consuming training process is required in order to enhance the accuracy. In this paper, the key component of the lathe spindle and how to achieve real-time chatter identification are studied. By doing so, the compensation and correction can be performed on the lathe and product quality can be improved. The drawbacks of the methods described above can also be overcome. By using the properties of synchronized chaotic dynamic-error system and assigning the center of gravity of dynamic errors as the characteristic [11] , the state (stable cutting or chattering) of the spindle can be easily identified. Extension theory is also used to set the classic field and segment field for the matter-element model based on the range of centers of gravity. By calculating their relations, the ambiguous regions can be clarified and identification accuracy can be improved. In addition, Yau et al. propose in his paper [15] of 2016 the use of fractional order self-synchronized chaotic errors to analyze a bearing system. In that paper, the ball bearing signals are fed into a master-slave chaotic system. The dynamic errors generated by the master-slave chaotic system are extracted and synchronized in order to obtain the obvious characteristic values, establish matter-element model, and achieve signal detection using an extension theory-based identification approach. The dynamic errors generated by the FOCLCS do not require further process and can be used directly for identification by using the extension theory. Compared to other common chaotic detection methods based on extension theory, the method presented in this study has a higher diagnosis rate and requires less computation time. However, what type of chaotic system will produce better results is not discussed in that study. Therefore, three types of common chaotic systems are introduced and studied. The feasibility of each system is also discussed. Different chatter identification rates from various self-synchronized chaotic systems in combination with the extension theory are investigated as well.
The experiment system, equipment and sources of data are covered in Section 2 of this paper. Section 3 consists of the introduction to the architectures of three chaotic systems, theories of fractional order systems, extension theory and their applications. In Section 4, the methods of how to feed the data into the systems and how the results are generated will be introduced. The diagnosis rates for the three types of fractional order chaotic systems are also compared. Lastly, the results of this study are concluded in Section 5.
II. MACHINING METHODS AND SOURCES OF DATA
The lathe used to generate the data for chatter analysis is the hybrid sphere CNC lathe MC4200BL (Figure 1 ) manufactured by MIKE Machine Industry Co., LTD. The spindle used is the built-in spindle TAC-10 (A2-4) as shown in Figure 2 , which is made in cooperation with POSA Machinery Co., LTD. The sensors used are Standard TO-5 accelerometers (Figure 3 ) made by PicoCoulomB Co., LTD. They are embedded inside the spindle (Figure 4) .
The accelerometer signals are picked by NationalInstruments NI-9234 signal acquisition module and NI USB 9162 module carrier. The machining conditions and extracted parameters are shown in Table. 1.
This database consists of 40 sets of cutting/chattering signals (a set of data corresponds to one cutting process). 20 sets of data are used to build system model and the rest is used for system verification. 
III. INTRODUCTION TO RELATED THEORIES A. CHAOS THEORY
Chaos is a phenomenon in nonlinear systems. A dynamic system will be affected by chaos attractor which exhibits an ordered but a periodic trajectory. The trajectory is highly sensitive and any small change may lead to significantly different behavior. A synchronized chaotic system consists mainly of master system and slave system [12] . Dynamic errors are generated when different signals are fed into the system. The synchronization of the chaotic system is achieved by feeding control input to the slave system so that it will track the master system. This paper is focused mainly on how to make the use of dynamic errors generated during the master-slave tracking. The control input is therefore set to 0.
The master and slave systems of a chaotic system are defined in Equations (1) and (2), respectively.
Master System :
where x and y are state vectors, and f(x) and f(y) are nonlinear vectors.
In this paper, the comparison is made between chaotic systems including Lorenz [13] , Sprott [14] and Chen-Lee [15] , [16] systems. Their corresponding master and slave systems are shown in Equations (3) to (8):
Slave System :       ẏ 1s = −y 2s y 3s + αy 1ṡ y 2s = y 1s y 3s + βy 2ṡ
Slave System :
The dynamic errors are defined as e = [e 1 , e 2 , e 3 ]
T , where
A. Lorenz chaotic system is rewritten in the form of matrix of dynamic errors as shown in Equation (9):
B. Chen-Lee chaotic system is rewritten in the form of matrix of dynamic errors as shown in Equation (10) 
C. Sprott chaotic system is rewritten in the form of matrix of dynamic errors as shown in Equation (11):
According to the literature [12] , we can let sign (x 1 m ) − sign (y 1 s ) = 0 and ignoreė 1 . The above can then be expressed as a second order system as shown in Equation (12):
In this paper, the signals of idling spindle and the signals collected from signal acquisition module are fed into the master system and slave system, respectively. Dynamic errors are thus generated and centers of gravity are extracted. The goal is to analyze the distribution of centers of gravity of spindle states when chatter occurs based on the property of the change of synchronized chaotic dynamic errors.
B. FRACTIONAL ORDER DIFFERENTIAL EQUATIONS
The properties and applications of the fractional order differential equations can be found in a wide variety of physical phenomena. Many studies have been made to combine the fractional orders with chaotic systems [17] - [18] , thereby enabling the outputs of chaotic systems to be more non-linear. Fractional order theory was not popular in the past. Most systems were expressed in the form of near-integer order system, as shown in Equations (13) and (14) .
In order to express the properties of dynamic errors more precisely, the above equations are inserted into chaotic systems.
A. Substitute the fractional order system in Equation (13) into Lorenz chaotic system and the equation can be rewritten as Equations (15) and (16): 
B. Substitute the fractional order system in Equation (13) into Chen-Lee chaotic system and the equation can be rewritten as Equations (17) and (18): 
C. Substitute the fractional order system in Equation (14) into Sprott chaotic system and the equation can be rewritten as Equations (19) and (20):
where q = (1-σ ), q the fractional order over the interval 0 < σ < 1 and the gamma function. 
B. The dynamic equation of Chen-Lee chaotic system is defined in Equation (23). Its parameters are defined in Equation (24).
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It is therefore known that the choice of different orders will lead to different behavior of dynamic errors, resulting in different locations of the centers of gravity of spindle state.
C. EXTENSION THEORY
Extension theory was first proposed by Chinese scholar Cai Wen in 1983 to solve contradictory problems in realistic world. The theory explores the rules among the states using the extension property of matters. Mathematic computation is also used to extract the features [19] . Extension theory consists of two parts, matter-element model and extension set. The goal of matter-element model is to express the characteristics of phenomena or the forms of matters after they are transformed in both quality and quantity as a matter-element relation in mathematic expression. The extension set is a new branch of mathematics that describes quantitative matters as matters with extensibility. The two parts are combined into a mathematic form. It will become the information that can be easily described based on the relations. As explained above, the matter-element model can be expressed as Equation (25):
where N is the name of the matter, C the characteristic of the matter, v the value of C, a and b the lower and upper bounds, respectively, of the characteristics of the matter and n the number of the values. To construct the relational function, the interval of state characteristics must be defined. If the classical field and segment field are defined as V o = (a, b) and V p = (a, b) , the relational distance is then defined in Equation (26): Once the classical field and segment field are defined, the relational function can be calculated as in Equation (27):
In this paper, the current state of the spindle is identified by selecting appropriate fractional order, feeding the upper and lower bounds of the region of centers of gravity of spindle state into the matter-element model and constructing/calculating the relational function.
IV. EXPERIMENT RESULTS
To realize intelligent classification by using the system, MATLAB software is used in this study. As described in Section 2, the normal cutting signals and chattering signals are used to build and verify the system. The time-domain and frequency-domain signals are shown in Figures 5 and 6 . It can be seen from Figures 5 and 6 that, when chatter occurs, the amplitude increases abruptly in the time domain and a peak frequency stands out in the frequency domain. The system exhibits a chatter at the frequency of 2171 Hz. It can be clearly seen from Figures 7 and 8 that the surface textures of workpieces caused, respectively, by normal cutting and chattering cutting are obviously different, where when chatter occurs, the surface texture of the workpiece presents irregular wavy patterns, and the machining diameter error is increased by about 20µ, which significantly degrades the machining quality. In this paper, the database is fed into the system and chaotic dynamic errors are generated. In order to facilitate the establishment of an extension theory-based intelligent classification system, two dynamic errors are selected as the characteristics from the dynamic errors e 1 , e 2 and e 3 in this paper. However, through experiments, it is determined in this paper that taking e 2 and e 3 for plotting the distribution diagram of chaotic dynamic errors and the distribution of chaos attractors results in the best effect, and accordingly, e 1 and e 2 are the most suitable characteristics for determining the states. The characteristic points are extracted as shown in Figure 9 . Figures 9 to 11 show the distribution of centers of gravity based on the first 20 sets of data of cutting and chattering signals as described in Section 2. They are used to build the extension-matter-element models as shown in Figures 12 to 14 . Based on the coordinate distribution of the above chaos attractors, classical fields can be built with reference to the coordinate values of the upper and lower bounds in the E2-E3 coordinate plane for each state, and thus The last 20 sets of data are fed into the matter-element models just built. The state is then determined based on the results of the relational function calculation. The statistics of diagnosis rates are shown in Table 2 .
The table shows that the Chen-Lee chaotic system delivers the best overall performance of the three systems. It even achieves 100% of diagnosis rate for orders 0.5 to 0.7. In addition, it can be seen from Figure 6 that the system of order 0.5 generates higher linearity in the distribution of centers of gravity than the other two. Order 0.5 is therefore chosen in this paper as the system parameter. On the other side, the Sprott chaotic system has the lowest overall diagnosis rate. Figures 5 to 7 also show that the diagnosis rates of Lorenz and Chen-Lee chaotic systems are higher because the division between the chattering state and chattering state is more evident. On the contrary, the regions of centers of gravity for Sprott chaotic system are overlapping with each other at a higher degree, leading to lower diagnosis rate.
V. CONCLUSIONS
In this paper, the spindle with embedded sensors is used due to its outstanding capability in resisting external interferences. The actual cutting signals and chattering signals are fed into the self-synchronized master-slave chaotic systems. An innovative and practical method for lathe spindle chatter identification is performed with Lorenz, Chen-Lee and Sprott chaotic systems. Due to the property of system's high contrast against input, dynamic errors are generated and used to locate the positions of the centers of gravity that corresponds to the spindle's state. Different dynamic appearances of dynamic errors are observed for orders 0.1 to 1. We can also find that the distribution of the centers of gravity of dynamic error attractor is changing too, leading to different distribution of the entire region of spindle state. The experiment results show that, compared to traditional methods, this new method creates more obvious characteristic change and thus produces better results. The boundaries of the regions of centers of gravity of spindle states based on different orders are used to build the extension model. When the center of gravity falls between chattering state and cutting state, relational function calculation is used to improve diagnosis rate. The results show that the regions of centers of gravity of spindle state generated with Sprott chaotic system are mostly overlapping. The overall diagnosis rate can still reach 69% after extension transform. On the other hand, Chen-Lee and Lorenz systems exhibit extremely high diagnosis rate due to the naturally obvious characteristic distribution. Chen-Lee system has higher overall diagnosis rate than Lorenz system and the diagnosis rate even reaches 100% for orders 0.5, 0.6 and 0.7. The system of order 0.5 exhibits higher linearity in the centers of gravity. Therefore, Chen-Lee synchronized system of order 0.5 is finally chosen along with extension theory as the system architecture to be used for experiment and verification.
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